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Abstract 

We present a unified logical framework for 
representing and reasoning about both quanti- 
tative and qualitative preferences in fuzzy an- 
swer set programming I Saa d, 2010[ |Saad, 20091 
[Subrahmanian, 1994 ], called fuzzy answer set op- 
timization programs. The proposed framework 
is vital to allow defining quantitative preferences 
over the possible outcomes of qualitative prefer- 
ences. We show the application of fuzzy answer 
set optimization programs to the course schedul- 
ing with fuzzy preferences problem described in 
I'Saad, 20101. To the best of our knowledge, this 
development is the first to consider a logical frame- 
work for reasoning about quantitative preferences, 
in general, and reasoning about both quantitative 
and qualitative preferences in particular 



1 Introduction 

Fuzzy reasoning is vital in most real-world applications. 
Therefore, developing well-defined frameworks for repre- 
senting and reasoning in the presence of fuzzy environ- 
ments is inevitable. Thus many frameworks have been 
proposed for fuzzy reasoning. Among these frameworks 
are fuzzy answer set programming | |Saad, 20f0l|Saad, 2009t 
Subrahmanian, 1994) , which are fuzzy logic programs 
with fuzzy answer set semantics (Saad, 20T0t TSaad, 2009; 
Subrahmanian, 1994| . 

As noted in |Saad, 20T0[ , the importance of the 
fuzzy answer set programming frameworks of l |Saad, 20T0| 
Saad, 2009[ [Subrahmanian, 19941 lies in the fact that the 
fuzzy answer set programming frameworks of |Saad, 20T0t 
Saad, 20091 [Subrahmanian, 1994| are strictly more expres- 
sive than the fuzzy answer set programming framework of 
I Nieuwenborgh et al, 2007 [Janssen et al., 2009|. This is be- 



cause the way how a rule is fired in |Saad, 201()r[Saad, 2009[ 
Subrahmanian, 1994 J is close to the way how it fires in clas- 
sical answer set programming | [Gelfond and Lifschitz, 19881 
[Gelfond an d Lifschitz, 1991'!, which makes any possible ex- 
tension to [Saad, 2010; Saad, 20091 [Subrahmanian, 1994| to 
more expressive forms of fuzzy answer set programming is 
more intuitive and more flexible. 



In |Saad, 20T0[ , an expressive fuzzy answer set program- 
ming framework has been developed, namely extended and 
normal disjunctive fuzzy logic programs with fuzzy answer 
set semantics, that generalize and subsume; classical ex- 
tended and classical normal disjunctive logic programs with 
classical answer set semantics |Gelfond and Lifschitz, 199T1 
[Brewka and Dix, 1997| ; extended fuzzy logic programs 
with fuzzy answer set semantics jSaa d, 2009| ; and nor- 
mal fuzzy logic programs with fuzzy answer set seman- 
tics [ [Subrahmanian, 1994J , in a unified logic programming 
framework to allow non-monotonic negation, classical nega- 
tion, and disjunctions under fuzzy uncertainty. 

The fuzzy answer set programming framework of 
ySaad, 20T0[ is necessary to provide the ability to assign 
fuzzy uncertainly over the possible outcomes of qualitative 
uncertainty, which is required in many real-world appli- 
cations, e.g., representing and reasoning about preferences 
in fuzzy environments. In a unified logical framework, 
l [Saad, 20T0| allows directly and intuitively to represent and 
reason in the presence of both fuzzy uncertainty and qualita- 
tive uncertainty. This has been illustrated by applying the 
fuzzy answer set programming framework of (Saad, 20T0| 
to the course scheduling with fuzzy preferences problem 
l [Saad, 20T0[ , where an instructor preferences over courses 
are represented as a fuzzy set over courses, instructor pref- 
erences over class rooms are represented as a fuzzy set over 
class rooms, and instructor preferences over time slots are 
represented as a fuzzy set over time slots. The fuzzy answer 
set program encoding of the course scheduling with fuzzy 
preferences problem in |Saad, 20T0[ provided all possible so- 
lutions to the problem represented by fuzzy answer sets of the 
fuzzy answer set program encoding of the problem. 

For example, consider this simple instance of the course 
scheduling with fuzzy preferences problem described in 
| [Saad, 20T0[ . Assume that one of two courses, ci, C2, need to 
be assigned to an instructor i such that instructor i is assigned 
exactly one course. Consider instructor i prefers to teach ci 
over C2, where this preference relation is specified as a fuzzy 
set over the courses ci, C2. Consider instructor i's preference 
in teaching ci is characterized by the grade membership value 
0.3 and instructor i's preference in teaching C2 is character- 
ized by the grade membership value 0.5. Thus, this course 
scheduling with fuzzy preferences problem instance can be 
encoded as a fuzzy answer set program (a disjunctive fuzzy 



logic program with fuzzy answer set semantics) of the form 

teaches{i,ci) : 0.3 V teaches{i,C2) : 0.5 

with {teaches{i,ci) : 0.3} and {teaches {i,C2) : 0.5} are 
the fuzzy answer sets of the program, according to the fuzzy 
answer set semantics of fuzzy answer set programming of 
ySaad, 2010| . 

It is clear that the fuzzy answer set {teaches{i, C2) : 0.5} 
encodes instructor i's top teaching preferences, which im- 
plies that the fuzzy answer set {teaches{i, C2) : 0.5} is the 
most preferred fuzzy answer set according to the preference s 
(quantitative preferences) encoded by the fuzzy answer set 
program. In addition, consider instructor i is neutral regard- 
ing teaching either course, where i's this teaching preference 
is characterized by the grade membership value 0.3 for both 
courses. In this case, this course scheduling with fuzzy pref- 
erences problem instance can be encoded as a fuzzy answer 
set program of the form 

teaches{i,ci) : 0.3 V teaches{i,C2) : 0.3 

with {teaches{i, ci) : 0.3} and {teaches{i, C2) : 0.3} are the 
fuzzy answer sets, according to the fuzzy answer set seman- 
tics of fuzzy answer set programming of j Saad, 20T0) . Al- 
though instructor i is neutral regarding teaching either course 
with preference 0.3 each, however, it can be the case that in- 
structor i has more appeal in teaching course ci over course C2 
(qualitative preferences). This makes {teaches(^i,Ci) : 0.3} 
is the most preferred fuzzy answer set in this case. 

The current semantics of fuzzy answer set programs 
ySaad, 2010[rSaad, 2009[|Subrahmanian,T994l does not have 
the ability to rank fuzzy answer sets neither according to 
quantitative preferences nor according to qualitative prefer- 
ences. Rather, fuzzy answer set programs semantics is capa- 
ble of determining fuzzy answer sets that satisfy quantitative 
preferences presented by the fuzzy answer set program and 
considers all the resulting fuzzy answer sets as equally pre- 
ferred. 

However, for many applications, it is necessary to rank the 
fuzzy answer sets generated by the fuzzy answer set programs 
from the top (most) preferred fuzzy answer set to the least 
preferred fuzzy answer set, where the top (most) preferred 
fuzzy answer set is the one that is most desirable. This re- 
quires fuzzy answer set programs to be capable of represent- 
ing both quantitative and qualitative preferences and to be ca- 
pable of reasoning in the presence of both quantitative and 
qualitative preferences across fuzzy answer sets. 

In this paper we develop a unified logical framework that 
is capable of representing and reasoning about both quantita- 
tive and qualitative preferences. This is achieved by defin- 
ing the notion of fuzzy answer set optimization programs. 
Fuzzy answer set optimization programs modify and general- 
ize the classical answer set optimization programs described 
in | |Brewka et al. , 20 03) . We show the application of fuzzy 
answer set optimization programs to the course scheduling 
with fuzzy preferences problem, where a fuzzy answer set 
program i Saad, 2010 ] (disjunctive fuzzy logic program with 
fuzzy answer set semantics) is used as fuzzy answer sets gen- 
erator rules. To the best of our knowledge, this development 
is the first to consider a logical framework for reasoning about 



quantitative preferences, in general, and reasoning about both 
quantitative and qualitative preferences in particular. 

Fuzzy answer set optimization programs are fuzzy logic 
programs under the fuzzy answer set semantics whose fuzzy 
answer sets are ranked according to fuzzy preference rela- 
tions specified by the user. A fuzzy answer set optimiza- 
tion program is a union of two sets of fuzzy logic rules, 
n ~ Rgen U Rpref- The first set of fuzzy logic rules, Rgen, 
is called the generator rules that generate the fuzzy answer 
sets that satisfy every fuzzy logic rule in Rgen- Rgen is any 
set of fuzzy logic rules with well-defined fuzzy answer set 
semantics including normal, extended, and disjunctive fuzzy 
logic rules l |Saad, 2010[[Saad, 2 009, Subrahmanian, 1994| , as 
well as fuzzy logic rules with fuzzy aggregates (all are forms 
of fuzzy answer set programming). The second set of fuzzy 
logic rules, Rpref, is called i\\t fuzzy preference rules, which 
are fuzzy logic rules that represent the user's quantitative and 
qualitative preferences over the fuzzy answer sets generated 
by Rgen- The fuzzy preferences rules in Rpref are used to 
rank the generated fuzzy answer sets from Rgen from the top 
preferred fuzzy answer set to the least preferred fuzzy answer 
set. Similar to iBrew ka et al., 2003) , an advantage of fuzzy 
answer set optimization programs is that Rgen and Rpref are 
independent. This makes fuzzy preference elicitation easier 
and the whole approach is more intuitive and easy to use in 
practice. 

2 Fuzzy Answer Set Semantics 

Since we use fuzzy logic rules under the fuzzy answer set 
semantics to generate fuzzy answer sets, that are ultimately 
ranked by fuzzy preference rules, in this section we recall the 
fuzzy answer set semantics of disjunctive fuzzy logic sets of 
rules, a form of fuzzy answer set programming, as presented 
in [ Saad, 2010J . 

2.1 Syntax 

Consider a first-order language C with finitely many predicate 
symbols, function symbols, constants, and infinitely many 
variables. The Herbrand base of C is denoted by Be- Nega- 
tion as failure or non-monotonic negation is denoted by not. 
The grade membership values are assigned to atoms in Be as 
values from [0, 1]. A fuzzy annotation, ji, is either a constant 
(fuzzy annotation constant) in [0, 1], a variable (fuzzy anno- 
tation variable) ranging over [0, 1], or /(^i, . . . , /x„) (fuzzy 
annotation function) where / is a representation of a com- 
putable function / : ([0, 1])" — > [0, 1] and ^i, . . . , /x„ are 
fuzzy annotations. A disjunctive fuzzy logic rule is an ex- 
pression of the form 

Ai: ^ii V ... V Ak-. p.k-^ Ak+i : Hk+i, -■-, 

Am '■ P-m, not Am+1 '■ Pm+1, 

...,not An ■■ Pn, (1) 

where V(l < i < n), Ai is an atom and pi is a fuzzy annota- 
tion. 

Intuitively, a disjunctive fuzzy logic rule means that if it is 
believable that the grade membership value of each (fc + 1 < 
i <m) Ai is at least pi and it is not believable that the grade 



membership value of each {m + 1 < j < n) Aj is at least fij, 
then there exist at least {1 < i < k) Ai such that the grade 
membership value of Ai is at least /i^. 

A disjunctive fuzzy logic rule is ground if it does not con- 
tain any variables. 

2.2 Fuzzy Answer Sets Semantics 

A fuzzy interpretation, /, of a set of disjunctive fuzzy logic 
rules is a fuzzy set in the Herbrand base. Be, whose grade 
membership function is a mapping Be -^ [0, 1]. This implies 
that a fuzzy interpretation, /, is the mapping I : Be ^ [0, 1], 
where the grade membership value of an atom, A £ ;B£, in 
/, is I{A). Let r be a disjunctive fuzzy logic rule of the form 
([T]i. Let head{r) ^ Ai : fii V ... V Ak : Hk and 
body{r) = Ak+i : ^^fc+i, • ■ • ,^m : lJ.m,not Am+i : 
A^m+i,- ■■,not An ■■ /i„. 

Definition 1 Let R be a set of ground disjunctive fuzzy logic 
rules, I be a fuzzy interpretation of R, and r be a disjunctive 
fuzzy logic rule of the form (|7}. Then: 

• / satisfies Ai : iii in head{r) iff ^i < I{Ai). 

• / satisfies Ai : iii in body{r) iff iii < I{Ai). 

• I satisfies not Aj : fj,j in hody(r) iff Hj ^ I(.^j)- 

• I satisfies body{r) iff\/{k + 1 < « < m), I satisfies 
Ai : fii and\f(m + 1 < j < n), I satisfies not Aj : fij. 

• I satisfies head{r) iff^i {1 < i < k) such that I satis- 
fies Ai : Hi. 

• / satisfies r iff I satisfies head{r) whenever I satisfies 
body{r) or I does not satisfy body{r). 

• / satisfies R iff I satisfies every disjunctive fuzzy logic 
rule in R and for every atom Ai £ Be, we have 
max|/Xi (1 < i < k) \ Ai : ^i V . . . V Afe : 
/ifc <r- bodyir) £ R, I satisfies body(r), and I satis- 
fies A, ■.^i^l<I{A{). 

A fuzzy model of a set of disjunctive fuzzy logic rules, R, is 
a fuzzy interpretation for R that satisfies R. A fuzzy model, 
I, of R is called a minimal fuzzy model if there is no fuzzy 
model, /', for R such that /' < /. Let i? be a set of ground 
disjunctive fuzzy logic rules and / be a fuzzy interpretation. 
Then, the fuzzy reduct, R^ , of R w.rt. / is a set of non- 
monotonic-negation-free disjunctive fuzzy logic rules, R^ , 
where: 

Ai: Hi V . . . V Afe : /ife <- Ak+i : Hk+i, ■ • ■ , 

Am '■ Hni £ R 
iff 

Ai : Hi V ... V Ak : Hk ^ Ak+i : Hk+i,- ■ ■ , 

Am '■ Mm, not Am+1 ■ Hm+1, ■ ■ ■ , 
not An '■ Hn G R, 

and V(m + 1 < j <n), fij ^ I{^j)- 

Definition 2 A fuzzy interpretation, I, for a set of disjunctive 
fuzzy logic rules, R, is a fuzzy answer set ofR if I is a minimal 
fuzzy model of R^ . 



3 Fuzzy Answer Set Optimization Programs 

A fuzzy answer set optimization program is a union of two 
sets of fuzzy logic rules, 11 = Rgen U Rpref, where Rgen 
is the set of the fuzzy answer sets generator rules and Rpref 
is the set of the fuzzy preference rules. In our introduction 
of fuzzy answer set optimization programs, we focus on the 
syntax and semantics oi the fuzzy preference rules, Rpref, of 
the fuzzy answer set optimization programs, since the syntax 
and semantics of the fuzzy answer sets generator rules, Rgen, 
are the same as syntax and semantics of any set of fuzzy 
logic rules with fuzzy answer set semantics as described in 
ySaad, 20101|Saad, 20091 [Subrahmanian,"T994) . 

3.1 Fuzzy Preference Rules Syntax 

Let Che a first-order language with finitely many predicate 
symbols, function symbols, constants, and infinitely many 
variables. A literal is either an atom A or the negation of atom 
A i^A), where -i is the classical negation. Non-monotonic 
negation or the negation as failure is denoted by not. Be is 
the Herbrand base of C Let Lit he the set of all literals in 
C. A fuzzy annotation, /i, is either a constant (fuzzy annota- 
tion constant) in [0, 1], a variable (fuzzy annotation variable) 
ranging over [0, 1], or /(/^i, . . . , fin) (fuzzy annotation func- 
tion), where / is a representation of a computable function 
/ : ([0, 1])" —^ [0, 1] and /ii, . . . , /i„ are fuzzy annotations. 

If Hs a literal and /x is a fuzzy annotation, then / : /x is 
called a fuzzy annotated literal. Let 5 be a set of fuzzy anno- 
tated literals. A boolean combination over S* is a boolean 
formula over fuzzy annotated literals in S constructed by 
conjunction, disjunction, and non-monotonic negation (not), 
where non-monotonic negation is combined only with fuzzy 
annotated literals. 

Definition 3 A fuzzy preference rule, r, over a set of fuzzy 
annotated literals, S, is an expression of the form 

Ci ;^ C2 >-...>- Cfc <— Ik+l '. Hk+l, ■ ■ ■ ,lm ■ Mm, 

not Im+i : Hrn+1, . ■ ■ , not In : Hn (2) 

where Ik+i '. Hk+i, ■ ■ ■ ,ln '■ Mn are fuzzy annotated literals 
and Ci , C2, . . . , Cfc are boolean combinations over S. 

Let head{r) — Ci )^ C2 >- ■ ■ . >~ Ck and body{r) ~ Ik+i ■ 

fik+l, ■ ■ ■ ,Un '■ Hm,not Im+l ■ Mm+1, • • ■ , not In : Hn, 

where r is fuzzy preference rule of the form (|2). Intuitively, 
a fuzzy preference rule, r, of the form ^ means that any 
fuzzy answer set that satisfies body{r) and Ci is preferred 
over the fuzzy answer sets that satisfy body{r), some Gi 
{2 < i < k), but not Ci, and any fuzzy answer set that sat- 
isfies body{r) and C2 is preferred over fuzzy answer sets that 
satisfy body{r), some Ci (3 < i < k), but neither Ci nor C2, 
etc. 

Definition 4 Formally, a fuzzy answer set optimization pro- 
gram is a union of two sets of fuzzy logic rules, II — Rgen U 
Rpref, where Rgen is a set of fuzzy logic rules with fuzzy an- 
swer set semantics, the generator rules, and Rpref is a set of 
fuzzy preference rules. 



3.2 Fuzzy Preference Rules Semantics 

In this section, we define the satisfaction of fuzzy preference 
rules, and the ranking of the fuzzy answer sets with respect 
to a fuzzy preference rule and with respect to a set of fuzzy 
preference rules. We say that a set of fuzzy preference rules 
are ground if no variables appearing in any of its fuzzy pref- 
erence rules. 

Definition 5 Let 11 = Rgen^Rpref be a ground fuzzy answer 
set optimization program, I be a fuzzy answer set of Rgen 
(possibly partial), and r be a fuzzy preference rule in Rpref- 
Then the satisfaction of a boolean combination, C, appearing 
in head{r), by I, denoted by I \= C, is defined inductively as 
follows: 

• I^l■.^liff^l< i{i). 

• / 1= not I : fiiff jj, ^ I{1) or I is undefined in I. 

• I ^CiAC2iffI^ Ci and I h C2. 

• / h Ci V C2 #/ h Ci or/ h C2. 

Given li : fii and not Ij : fij appearing in body{r), the satis- 
faction of body {r) by I, denoted by I |= body{r), is defined 
inductively as follows: 

• I \=lr- IJ-i ifflJ-i < l{h) 

• / 1= not Ij : 11 j iff ^j ^ I{lj) or Ij is undefined in I. 

• / 1= body{r) iffy{k + 1 < i < m), I \= li : fii and 
V(r7i + 1 < j < n), I \= not Ij : /ij. 

The following definition specifies the satisfaction of the fuzzy 
preference rules. 

Definition 6 LetH = Rgen^Rpref be a ground fuzzy answer 
set optimization program, I be a fuzzy answer set of Rgen, t 
be a fuzzy preference rule in Rpref, ond Ci be a boolean com- 
bination in head{r). Then, we define the following notions of 
satisfaction ofr by I: 

• I \^i r iff I 1= body{r) and I \= Ci. 

• / \^irr f iff I \^ body{r) and I does not satisfy any Ci 
in head{r). 

• I \^irr f iff I does not satisfy body{r). 

I \^i r means that / satisfies the body of r and the boolean 
combination Ci that appears in the head of r. However, 
I \=irr r means that / is irrelevant (denoted by irr) to r 
or, in other words, / does not satisfy the fuzzy preference 
rule r, because either one of two reasons. Either because of 
/ does not satisfy the body of r and does not satisfy any of 
the boolean combinations that appear in the head of r. Or 
because / does not satisfy the body of r. 

Definition 7 Let 11 — Rgen U Rpref be a ground fuzzy an- 
swer set optimization program, /i , I2 be two fuzzy answer 
sets of Rgen, r be a fuzzy preference rule in Rpref, ond Ci 
be boolean combination appearing in head(r). Then, /i is 
strictly preferred over I2 w.r.t. Ci, denoted by 1 1 >-i I2, iff 
Ii \= Ci and I2 ^ Ci or /i [= Ci and I2 |= Ci and one of the 
following holds: 

• Ci = I : ^ implies Ii >-i I2 iff Ii{l) > hii)- 



• d — not I : n implies Ii >~i I2 iffli{l) < hil) or 
I is undefined in /i but defined in 12- 

• d — Ci-^ A Ci^ implies /i )^i I2 iff there exists t G 
{11,12} such that Ii )~t I2 <^nd for all other t' G {ii,?2}. 
we have /i >zt' ^2- 

• Ci = Cij V Ci^ implies /i >-i I2 iff there exists t G 
{11,12} such that Ii )~t I2 <^nd for all other t' G {ii,i2}. 
we have /i >lt' ^2- 

We say, Ii and I2 are equally preferred w.r.t. Ci, denoted by 
/i =i I2, iff Ii ^ Ci and I2 ^ Ci or /i |= Ci and I2 \= Ci 
and one of the following holds: 

• Ci = I : p implies Ii —i I2 iff Ii(l) = /2(0- 

• d ~ not I : /i implies /i =, I2 iff Ii{l) = l2{l) or 
I is undefined in both Ii and I2. 

• d — Ci^ A Ci^ implies h ^i I2 iff 

\/t G {ii,«2}, h =t h- 

• Ci = Cji V Ci2 implies h =i h iff 

\{h ht hiyt G {iui2}}\ = IU2 ht h\yt G {ii,i2}}\- 

We say, /i is at least as preferred as I2 w.r.t. Ci, denoted by 
h hi h, iffh >i h or h =i h. 

Definition 8 Let II = Rgen U Rpref be a ground fuzzy an- 
swer set optimization program, /i , I2 be two fuzzy answer 
sets of Rgen, r be a fuzzy preference rule in Rpref, ond Ci 
be boolean combination appearing in head{r). Then, /i is 
strictly preferred over I2 w.r.t. r, denoted by h >~r I2, iff one 
of the following holds: 

• Ii \^i T ond I2 |=j r and i < j, 

where i = minj^ | /i \^i r} and j ~ min{^ | I2 [^i r}. 

• h \=i T and I2 \=i r and h )~i I2, 

where i = minj/ | /i \=i r} = min{Z | I2 \=i r}. 

• /i ^i r and h hirr r. 

We say, Ii and I2 are equally preferred w.r.t. r, denoted by 
Ii =r I2, iff one of the following holds: 

• Ii \=i T ond I2 \=i r and /i =i I2, 

where i = rninj^ | /i 1=; r} — min{i | I2 \=i r}. 

• II \=irr "T and I2 \=irr ^• 

We say, Ii is at least as preferred as I2 w.r.t. r, denoted by 
h hr h, iffh ^r h or h ^r h- 

The above definitions specify how fuzzy answer sets are 
ranked according to a given boolean combination and accord- 
ing to a fuzzy preference rule. Definition Qshows the ranking 
of fuzzy answer sets with respect to a boolean combination. 
However, Definition [8] specifies the ranking of fuzzy answer 
sets according to a fuzzy preference rule. The following def- 
initions determine the ranking of fuzzy answer sets with re- 
spect to a set of fuzzy preference rules. 

Definition 9 (Pareto Preference) Let II — Rgen U Rpref be 
a fuzzy answer set optimization program and Ii , I2 be fuzzy 
answer sets of Rgen- Then, Ii is (Pareto) preferred over I2 
w.r.t. Rpref, denoted by Ii )~R^^^f I2, iff there exists at least 



one fuzzy preference rule r £ Rpref such that /i )~r I2 ond 
for every other rule r' G Rpref, Ii }Zr' ^2- We say, /i and 
I2 are equally (Pareto) preferred w.r.t. Rpref, denoted by 
h =Rp,.,f h, iff far all r e Rpref, h =r h- 



Definition 10 (Maximal Preference) Let 

n = Rgen U Rpref be a fuzzy answer set optimization pro- 
gram and /i,/2 be fuzzy answer sets of Rgen- Then, /i 
is (Maximal) preferred over I2 w.r.t. Rpref, denoted by 
h >--Rp„/ h, iff 



\{r G Rpreflh hr ^2 } | > \{r e Rpreflh hr h}\- 



We say, /i and I2 are equally (Maximal) preferred w.r.t. 
Rpref, denoted by h ^r^^^^ h, iff 



\{r G Rpreflh hr hjl = \{r G Rpreflh hr h}\- 



Observe that the Maximal preference relation is more general 
than the Pareto preference relation, since the Maximal prefer- 
ence definition subsumes the Pareto preference relation. 



Course Scheduling with Fuzzy Preferences 
Problem 



In this section, we show that the course scheduling with fuzzy 
preferences problem, introduced in | |Saad, 20T0| , can be eas- 
ily and intuitively represented and solved in the fuzzy answer 
set optimization programs framework as follows. 



Example 1 Quoting the course scheduling with fuzzy prefer- 
ences problem introduced in I Saa d, 20 1(^ , consider there are 
n different instructors (denoted by h, . . . ,ln) who have to be 
assigned to n different courses (denoted by Ci, . . . , Cn) in m 
different rooms (denoted by ri, . . . , rm) at k different time 
slots (denoted by si, . . . ^ Sk) under the following constraints. 
Exactly one course has to be assigned to each instructor Dif- 
ferent courses cannot be taught in the same room at the same 
time slot. In addition, every instructor preferences in teaching 
courses is given as a fuzzy set over courses, every instructor 
preferences in time slots is given as a fuzzy set over time slots, 
and every instructor preferences in rooms is given as a fuzzy 
set over rooms. This course scheduling with fuzzy preferences 
problem can be represented as a fuzzy answer set optimiza- 
tion program II — Rgen U Rpref, where Rgen is a set of 
disjunctive fuzzy logic rules with fuzzy answer set semantics 
of the form: 



teaches{li, ci) : ^i,i V teaches{li, C2) : ^ii^2 V ... V 

teaches{li, On) : ^i,n <~ (3) 

in{ri,C) Wi^i V in{r2,C) : Vi,2 V...V 

in{rm,C) : Vi,m <— teaches{li,C) : V, 
course{C) : 1. (4) 

ai(si,C) : Wi,i V at{s2,C) : Vi^2 V...V 

at{sk,C) : Vi^k <— teaches{li,C) : V, 
course{C) : 1. (5) 

inconsistent : 1 -f- not inconsistent : 1, 

teaches{h,C) : Vi,teaches{h,C) : V2, 
h¥^h. (6) 

inconsistent : 1 ^ not inconsistent : 1, in{R, C) : Vi, 
in{R,C') : V2,at{S,C) : V3.,at{S,C') : V4, 
C ^ C. (7) 

where F, Vi , . . . , V4 are annotation variables act as place 
holders and for all, (1 < i < n), teaches{li, Cj) : fiij repre- 
sents that instructor li preference in teaching course Cj is de- 
scribed by the grade membership value fiij; in{rj, C) : Vij 
represents that instructor li preference in teaching in room rj 
a course C is described by the grade membership value Vij; 
and at{sj , C) : Vi^j represents that instructor li preference in 
teaching at time slot Sj a course C is described by the grade 
membership value Vij. Instructors preference over courses, 
rooms, and time slots are encoded by the first three disjunctive 
fuzzy logic rules. The last two disjunctive fuzzy logic rules 
encode the problem constraints which are every instructor is 
assigned exactly one course and different courses cannot be 
taught in the same room at the same time. 

The set of fuzzy preference rules, Rpref, of the fuzzy answer 
optimization program, II, description of the course schedul- 
ing with fuzzy preferences problem is given by: 

teaches{li,ci) : /ii,i >- teac/ies(/i, C2) : /ii,2 ;^ ■ • • >- 
teaches{li,Cn) : ^ii,n ^ (8) 

in{ri,C) -.Vi^i >- in{r2,C) : Vi^2 >-■.■>- 

m(r„i,C) : Vi^rn ^ teaches{li,C) : V, 
course{C) : 1. (9) 

at{si,C) : Vi^i >~ at{s2,C) : Vi^2 >- . ■ . )^ 

at{sk,C) : Vi^k <— teaches(li,C) : V, 
course{C) : 1. (10) 

where for all (1 < i < n), /i^i > fii^2 > • ■ ■ > fJ-i.n, simi- 
larly, Vi^i > i^i,2 > • • ■ > Vi^n, andVi^i > Vi^2 > ■■ ■ > Wi,n- 

Nevertheless, the fuzzy preference rules, Rpref, of the 
fuzzy answer set optimization program, II, encoding of the 
course scheduling with fuzzy preferences problem can be eas- 
ily and intuitively adapted according to the instructors prefer- 
ences in many and very flexible ways. For example, as men- 
tioned earlier in the introduction, it can be the case that in- 
structor i is neutral regarding teaching courses ci and C2 with 
grade membership value 0.3 each. This means that ci and C2 



are equally preferred to instructor i. Thus, this situation can 
be represented in instructor i fuzzy preference rule in Rpref 
as 

teaches{li, ci) : 0.3 V teaches{li, C2) : 0.3 <— . 

Furthermore, although instructor i is neutral regarding teach- 
ing courses ci and C2 with grade membership value 0.3 each, 
it can be the case that instructor i has more appeal in teach- 
ing course ci over C2- So that this situation can be intuitively 
represented in instructor i fuzzy preference rule in Rpref as 

teaches{li, ci) : 0.3 >- teaches{li,C2) '■ 0.3 <— . 

Moreover, it can be the case that each instructor, i, has dif- 
ferent rooms preferences and different time slots preferences 
per each course, Cj, as some courses, Cj, may require rooms 
with special equipments installed and/or better to be taught at 
certain time slots over the other time slots. This can be eas- 
ily and intuitively achieved by replacing the disjunctive fuzzy 
logic rules (|4]i and ^ in Rgen by the following set of dis- 
junctive fuzzy logic rules for each instructor k and for each 



teaches{ii,ci) 

teaches{i2,ci) 

in{ri,C) 

in{ri,C) 

at{si, C) 



0.9 V teaches (11,02) : 0.5 <— 

0.4 V teaches {i2, C2) : 0.7 4- 

0.8 <— teaches{ii,C) : V,course{C) : 1. 

0.3 <— teaches{i2,C) : V,course{C) : 1. 



0.5 V at{s2,C) :0.5 ^teaches{ii,C) 
course{C) : 1. 
at{si,C) : 0.9 V at{s2,C) : 0.2 ^ teaches{i2,C) 
course{C) : 1. 
course{ci) : 1 <— 
course{c2) : 1 ^- 

In addition, R'ef' contains ttie fuzzy preference rules: 

teaches{ii,ci) : 0.9 >- teaches {11,02) '■ 0.5 4— 
teaches{i2,C2) : 0.7 >- teaches{i2,ci) : 0.4 <— 



V, 



V, 



at{si, C) 
at{si, C) 
m(ri, C) 



0.5 V at{s2,C) : 0.5 ^ teaches{ii,C) : V 
0.9 >- at{s2,C) -.0.2^ teaches{i2,C) -.V 
V ^ teaches{I, C) : V 



in{ri,Cj) : Vi^i V in{r2,c-j) : Vi^2 V...V 

in{rm,Cj) : Vi^rn ^ teaches{li,Cj) : F (11) 

at(si,Cj) : Wj,i V at{s2,Cj) : Vi^2 V...V 

at{sk,Cj) : Vi,k <— teaches{li,Cj) : V (12) 

In addition to replacing the fuzzy preference rules (|9) and 
([Tol l in Rpref by the following set of fuzzy preference rules 
for each instructor li and for each course Cj as 

in{ri,Cj) : Vi^i >~ in{r2,Cj) : Vi^2 >■■■>■ 

in{rm,Cj) : Vi^rn ^ teaches{li,c-j) : V (13) 

at{si,Cj) : Vi^i >~ at{s2,Cj) : Vi^2 >-■■■>- 

at{sk,Cj) : Vi^k ^ teaches{li,Cj) : V (14) 

This shows in general that fuzzy answer set optimization pro- 
grams can be intuitively and flexibly used to represent and 
reason in the presence of both quantitative and qualitative 
preferences. This is more clarified by the following instance 
of the course scheduling with fuzzy preferences problem de- 
scribed below. 



Example 2 Quoting [jSaad, 2010') , assume that two different 
courses, denoted by Ci , C2, need to be assigned to two differ- 
ent instructors, named ii,i2> given that only one room, de- 
noted by ri, is available and two different time slots, denoted 
by si,S2 are allowed, withfuzzy preferences as described be- 
low. This instance of the course scheduling with fuzzy prefer- 
ences problem can be encoded as an instance of the fuzzy an- 
swer set optimization program, 11 = Rgen ^ Rpref, presented 
in Example \l\ as a fuzzy answer set optimization program, 
n' = R'„„ U i?' „ f, where in addition to the last two dis- 
junctive fuzzy logic rules, (^ and ([TP, of Rgen in 11 described 
in Example [7] R'n '^^^o contains the following disjunctive 
fuzzy logic rules: 



The ground instantiation of the fuzzy preference rules in 
R'e f have ten relevant ground fuzzy preference rules which 
are: 

ri : teaches(ii,ci) : 0.9 >~ teaches{ii,C2) : 0.5 <— 
r2 : teaches{i2,C2) : 0.7 >~ teaches {i2,ci) : 0.4 4— 



^-3 


: at{si,ci) 


: 0.5 Vai(s2 


ci) 


0.5 <— teaches{ii 


ci) 


0.9 


Ti 


■■ at{si,C2) 


: 0.5 Vai(s2 


C2) 


0.5 <— teaches{ii 


C2) 


0.5 


rb 


at{si,ci) : 


0.9 y- at{s2 


ci) 


0.2 <— teaches{i2 


Cl) 


0.4 


re 


at{si,C2) ■■ 


0.9 >- at{s2 


C2) 


0.2 <— teaches{i2 


C2) 


0.7 






rj : in{ri 


ci) 


0.8 <— teaches{ii 


Cl) 


0.9 






rs : in{ri 


C2) 


0.8 <— teaches{ii 


C2) 


0.5 






rg : in{ri 


ci) 


0.3 <— teaches{i2 


Cl) 


0.4 






no : in{ri 


C2) 


0.3 <— teaches{i2 


C2) 


0.7 



The generator rules, i?' „, of the fuzzy answer set optimiza- 
tion program, 11', has four fuzzy answer sets that are: 



/i = { teaches 
at{si, ci 
in{ri,C2 

12 = { teaches 

at{s2,ci 
in{ri,C2 

13 = { teaches 

at{s2,C2 

in{ri,ci 



h 



{ teaches 
at{si,C2 
m(ri,ci 



zi,ci) : 0.9, teaches{i2,C2) : 0.7, 
: 0.5, at{s2,C2) : 0.2, m(ri,ci) : 0.8, 
: 0.3, course{ci) : 1, course{c2) : 1 } 

ii,ci) : 0.9, teaches{i2,C2) : 0.7, 
: 0.5, at{si,C2) : 0.9, in{ri,ci) : 0.8, 
: 0.3, course{ci) : 1, course{c2) : 1 } 

ii,C2) : 0.5, teaches (i2,ci) : 0.4, 
: 0.5, at{si,ci) : 0.9, m(ri,C2) : 0.8, 
: 0.3, course{ci) : 1, course{c2) : 1 } 

ii,C2) : 0.5, teaches{i2,ci) : 0.4, 
: 0.5, at{s2,ci) : 0.2, m(ri,C2) : 0.8, 
: 0.3, course{ci) : 1, course{c2) : 1 } 



We can easily verify that 
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=1 rs. 



^gen = Rgen and -Rp^e/ Contains the following extended 
fuzzy logic rules: 

• For each fuzzy preference rule, r G Rpref, we have in 
Rpre f the extended fuzzy logic rule 

body(r) : 1 ^ Zfe+i : /ifc+i, ...,lm- IJ-m, 
not /,„+! : ^„i+i, . . . ,not In : ^n 

• For each boolean combination in the head of a fuzzy 
preference rule, r, of the form 

Ci = (si^i : ^1,1 A ...si,fi : /xi^tj V ... V 

(su,i : Mm,i a . . . Su^f^ : fJ.u,t^) 

we have in Rp^ef 'he extended fuzzy logic rules: 



Therefore, I2 is the top (Maximal) preferred fuzzy answer 
set and I4 is the least (Maximal) preferred fuzzy answer set. 
However, /i is (Maximal) preferred over I3 and I3 is (Max- 
imal) preferred over I4 as well as I2 is (Maximal) preferred 
over /i. Thus, the ranking of the fuzzy answer sets from the 
top (Maximal) preferred fuzzy answer set to the least (Maxi- 
mal) preferred fuzzy answer set is I2, h, /a, ^4, i.e., 

5 Implementation 

In this section, we provide an implementation for fuzzy an- 
swer set optimization programs in fuzzy answer program- 
ming. This is achieved by providing a translation from 
a fuzzy answer set optimization program, 11 = Rgen U 
Rpref, into a fuzzy answer set program, 11'^ = i?gg„ U 
Rl^^f USaad, 2010t[Saad, 2009t|Subrahmanian, 19941 , where 
^oen = Rgen and Rpref IS translated into a set of extended 
fuzzy logic rules |Saad, 2009| , where the fuzzy answer sets 
of n are equivalent to the fuzzy answer sets of IV^ . The 
syntax and semantics of a set of extended fuzzy logic rules 
l |Saad, 2009) is the same as the syntax and semantics of a set 
of disjunctive fuzzy logic rules presented earlier in this paper 
except that; extended fuzzy logic rules allow one fuzzy anno- 
tated literal in the head of rules and fuzzy answer sets of a set 
of extended fuzzy logic rules can be partial mappings. 

Let without loss of generality, r, be a fuzzy preference rule 
of the form 

Ci y C2 > ■ ■ ■ > Ck ■^ h+l ■ ^J■k+l, ■ ■ ■ ,lm ■ Mm; 
not Im+l ■ tJ.m+1, • ■ • , not In : fin- 

where each Ci in the head of r is represented as a generahzed 
fuzzy annotated DNF, that is, of the form 

(si,i : A*i,iA. . . si^ti ■ Mi,ti)V. ■ •V(s„,i : m„,iA. . . Su,t^ : fJ-u.tJ 

where each s„.u, : /i^, „, is a fuzzy annotated literal possi- 
bly proceeded by non-monotonic negation. In addition, let 
sat{r, i) be a predicate denoting that the boolean combina- 
tion Ci in the head of a fuzzy preference rule r is satisfied. 

The translation of the fuzzy answer set optimization pro- 
gram, n = Rgen U Rpref, into a fuzzy answer set pro- 
gram, n*^ = Rgf.n U Rpref, proceeds as follows, where 



sat{r, i) : 1 



si,i ■ Mi4i • • • J Si,ti '■ f'i,ti, 
body{r) : 1 



sat{r,i):l ^ Su,i : fiu.i, ■ ■ ■ ,Sua^ '■ fJ'u,t^, 
body{r) : 1 

• For each fuzzy preference rule, r e Rpref, we have in 
Rpref the extended fuzzy logic rules 



sat{r, irr) : 1 
sat{r, irr) : 1 



not hody{r) : 1 
not sat{r, 1) : 1, 
body{r) : 1 



. ,not sat{r, k) : 1, 



Obviously, the fuzzy answer sets of 11 are in one-to-one cor- 
respondence to the fuzzy answer sets of II*^. 

Theorem 1 Let 11 = Rgen U Rpref be a fuzzy answer set 
optimization program, IV^ ~ Rgen U Rpref be the fuzzy an- 
swer program translation of IV, r be a fuzzy preference rule 
in Rpref, Ci be a boolean combination in the head ofr, I be 
a fuzzy answer set of 11, and I' be a fuzzy answer set of H'^ 
that corresponds to I. Then, 

. I^,riffr^sat(r,i):l. 

• I hirr r ijfl' h sat{r, irr) : 1. 

Moreover, we show that the fuzzy answer set optimization 
programs syntax and semantics naturally subsume and gen- 
eralize the classical answer set optimization programs syntax 
and semantics I jBrewka et ah, 2003 J under the Pareto prefer- 
ence relation, since there is no notion of Maximal preference 
relation has been defined for the classical answer set opti- 
mization programs. 

A classical answer set optimization program, II"^, con- 
sists of two separate classical logic programs; a classical 
answer set program, i?gg„, and a classical preference pro- 
gram, Rpref I jBrewka et ai, 2003] . The first classical logic 
program, i?ge„, is used to generate the classical answer sets. 
The second classical logic program, Rpref, defines classical 
context-dependant preferences that are used to form a prefer- 
ence ordering among the classical answer sets of i?L„. 



Any classical answer set optimization program, II'' = 
i?J;g„ U R'pref' ^^^ be represented as a fuzzy answer set op- 
timization program, 11 = Rgen U Rpref, where all fuzzy an- 
notations appearing in every fuzzy logic rule in Rgen and all 
fuzzy annotations appearing in every fuzzy preference rule 
in Rpref are equal to 1, which means the truth value true. 
For example, for a classical answer set optimization program, 
n'^ = Rgen U Rpref ^ '^^at is represented by the fuzzy answer 



set optimization program, 11 
logic rule 



Rgen U Rpref, the classical 



ai V...V Qk ^ ak+i,. ■ . ,a,n,not a,n+i,- ■ ■ ,not Qn 
is in i?qe„, where V(l < i < n), a-i is an atom, iff 

ai : 1 V ... V flfe : 1 <- a^+i : 1, • • ■ , a™ : 1, 
not a„i+i : 1, . • . , not an '■ 1 

is in Rgen- It is worth noting that the syntax and semantics of 
this class of fuzzy answer set programs is the same as the 
syntax and semantics of the classical answer set programs 
USaad, 2010| |Saad, 2009] . In addition, the classical prefer- 
ence rule 



Ci ^ C2 >- ■ ■ ■ ^ Ck -^ h+l, ■ ■ ■ ,lm, not Irn+l, 



, not In 



is in R'i 



where h 



, /„ are literals and 



i-pre/' vviicic Lk+l, 

Ci,C2,...,Cfe are boolean combinations over a set of 
literals, iff 



Ci>C2^ ■■■> Ck^ lk+l : 1, • • ■ , 

„ „j^ ; .1 „ , 



noi lm+1 '■ 1, • • . , not /„ : 1 

is in Rpref and every literal appearing in Ci , C2 , . . . , Cfc is 
annotated with the fuzzy annotation constant 1. 

The following results show that the syntax and seman- 
tics of the fuzzy answer set optimization programs sub- 
sume the syntax and semantics of the classical answer set 
optimization programs |Brewka et ai, 20031 , assuming that 
jBrewka et ai, 2003| assigns the lowest rank to the classical 
answer sets that do not satisfy either the body of a classical 
preference rule or the body of a classical preference and any 
of the boolean combinations appearing in the head of the clas- 
sical preference rule. 

Theorem 2 Let 11 — Rgen U Rpref be the fuzzy answer set 
optimization program equivalent to a classical answer set op- 
timization program, H^ = R'gen U Rpref- Then, the prefer- 
ence ordering of the fuzzy answer sets of Rgen w.r.t. Rpref 
coincides with the preference ordering of the classical answer 
sets of R'gen W.r.t. R^^^f. 

Theorem 3 Let 11 = Rgen U Rpref be the fuzzy answer set 
optimization program equivalent to a classical answer set op- 
timization program, IV^ = R'gen U Rpref- A fuzzy answcr Set 
I of Rgen is Pareto preferred fuzzy answer set w.r.t. Rpref iff 
a classical answer set I'^ of R^en' equivalent to I, is Pareto 
preferred classical answer set w.r.t. R'pref- 

Theorem 12] shows in general that fuzzy answer set optimiza- 
tion programs can be used only for representing and reason- 
ing about qualitative preferences under the classical answer 
set programming framework, under both Maximal and Pareto 



preference relations, by simply replacing any fuzzy annota- 
tion appearing in a fuzzy answer set optimization program by 
the constant fuzzy annotation 1. However, Theorem |3] shows 
the subsumption result of the classical answer set optimiza- 
tion programs. 

6 Conclusions and Related Work 

We developed syntax and semantics of a logical frame- 
work for representing and reasoning about both quantitative 
and qualitative preferences in a unified logical framework, 
namely fuzzy answer set optimization programs. The pro- 
posed framework is necessary to allow representing and rea- 
soning in the presence of both quantitative and qualitative 
preferences across fuzzy answer sets. This is to allow the 
ranking of the fuzzy answer sets from the top preferred fuzzy 
answer set to the least preferred fuzzy answer set, where the 
top preferred fuzzy answer set is the one that is most desir- 
able. Fuzzy answer set optimization programs modify and 
generalize the classical answer set optimization programs de- 
scribed in | |Brewka et ai, 2003 1. We have shown the ap- 
plication of fuzzy answer set optimization programs to the 
course scheduling with fuzzy preferences problem described 
in |Saad, 20T0) . In addition, we provided an implementation 
for fuzzy answer set optimization programs in fuzzy answer 
set programming. 

To the best of our knowledge, this development is 
the first to consider a logical framework for reasoning 
about quantitative preferences, in general, and reason- 
ing about both quantitative and qualitative preferences 
in particular. However, qualitative preferences were in- 
troduced in classical answer set programming in various 
forms. In I Schaub and Wang, 200 Ij , qualitative pref- 
erences are defined among the rules of classical logic 
programs, whereas qualitative preferences among the 
literals described by the classical logic programs are in- 
troduced in fSakama and Inoue, 2000| . Classical answer 
set optimization |Brewka et al., 2003) and classical logic 
programs with ordered disjunctions I jBrewka, 2002) are 
two classical answer set programming based qualitative 
preference handling approaches, where context-dependant 
qualitative preferences are defined among the literals 
specified by the classical logic programs. Application- 
dependant qualitative preference handling approaches 
for planning were presented in ]Son and Pontelli, 2006[ 
Delgrande et ai, 2007) , where qualitative prefer- 
ences among actions, states, and trajectories are 
defined, which are based on temporal logic. The 
between | Son and Pontelli, 2006 
and I jBrewka et al., 2003 



major difference 
Delgrande efg/., 2007) 



Brewka, 2002) is that the former are specifically devel 
oped for planning, but the latter are application-independent. 
Contrary to the existing approaches for reasoning about 
qualitative preferences in classical answer set programming, 
where qualitative preference relations are specified among 
rules and literals in one classical logic program, a classi- 
cal answer set optimization program consists of two separate 
classical logic programs; a classical answer set program and 
a qualitative preference program [Brewka et al, 2003J . The 



classical answer set program is used to generate the classi- 
cal answer sets and the qualitative preference program de- 
fines context-dependant qualitative preferences that are used 
to form a qualitative preference ordering among the classical 
answer sets generated by the classical answer set program. 

Following | |Brewka et al., 2003) , fuzzy answer set opti- 
mization programs presented in this paper distinguish be- 
tween fuzzy answer sets generation and fuzzy preference 
based fuzzy answer sets evaluation, which has several ad- 
vantages. In particular, the set of fuzzy preference rules, in 
a fuzzy answer set optimization program, is specified inde- 
pendently from the type of fuzzy logic rules used to generate 
the fuzzy answer sets in the fuzzy answer set optimization 
program, which makes preference elicitation easier and the 
whole approach more intuitive and easy to use in practice. 
In addition, more expressive forms of fuzzy preferences can 
be represented in fuzzy answer set optimization programs, 
since they allow several forms of boolean combinations in 
the heads of the fuzzy preference rules. 

In |Saad and Brewka, 201 1) , the classical answer set op- 
timization programs have been extended to allow classi- 
cal aggregate preferences. The introduction of classical 
aggregate preferences to classical answer set optimization 
programs have made the encoding of multi-objectives op- 
timization problems and Nash equilibrium strategic games 
more intuitive and easy. The syntax and semantics of 
the classical answer set optimization programs with clas- 
sical aggregate preferences were based on the syntax and 
semantics of classical answer set optimization programs 
jBrewka et al, 2003 1 and classical aggregates in classical an- 
swer set programming iFaber et a/., 20101. It has been shown 
in | |Saad and Brewka,^0 1 1 1 that the syntax and semantics 
of classical answer set optimization programs with classi- 
cal aggregate preferences subsumes the syntax and seman- 
tics of classical answer set optimization programs described 
in | |Brewkae?a/., 20031 . 
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